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We use equilibrium molecular dynamics simulations to determine the relative role of compositional

and structural disorder in a phononic thermal conductivity reduction by studying three 50-50 SiGe

alloy structures: ordered alloys, disordered alloys, and amorphous alloys, as well as pure amorphous

Si and Ge structures for reference. While both types of disorders significantly reduce thermal conduc-

tivity, structural disorder is much more effective to this aim. The examination of phonon lifetimes in

disordered alloys shows high values in a low frequency regime governed by Umklapp scattering that

are reduced rapidly with increasing frequency following Rayleigh scattering behavior. The local

properties analysis reveals that the structural disorder leads to elastic heterogeneities that are signifi-

cantly larger than density heterogeneities, which is likely the key reason for amorphous semiconduc-

tor alloys having lower thermal conductivity than disordered alloys. Temperature dependence of

thermal conductivity indicates the importance of propagating phonons and associated Umklapp scat-

tering in SiGe alloy structures. Interestingly, longitudinal modes in amorphous and disordered alloys

exhibit similar lifetimes, while transverse modes lifetimes show significant differences and are more

temperature dependent. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4994169]

I. INTRODUCTION

Semiconducting and insulating alloys are of interest for

many applications, including thermoelectric converters1 and

thermal barrier coatings,2 where low thermal conductivity

plays an important role. Alloying3,4 and nanostructuring5–8

have been proposed as the main methods to reduce thermal

conductivity. Alloying is demonstrated to effectively scatter

the high-frequency phonons by compositional disorder.4

Nanostructuring to forms of nanowires,5 nanoporous struc-

tures,6 nanocomposites,7 and superlattices8 can scatter the

lower frequency phonons.

Numerous studies have been carried out to investigate the

thermal conductivity of SiGe alloys. A dramatic decrease in

the thermal conductivity is present with small concentration

of Ge added to Si, observed in both experiments and simula-

tions.9–11 The mass disorder was demonstrated to be dominant

in phonon scattering in the SiGe alloy, while bond disorder

and strain effects play a minor role.4,12 A recent study shows

SiGe nanostructures, including thin film, superlattices and

nanocomposites, exhibit even lower thermal conductivity than

bulk alloys, and almost reach the amorphous limit.13 The ther-

mal transport in SiGe nanostructures is tunable by thickness

(thin films), periodic thickness (superlattices), and grain size

(nanocomposites) through boundary scattering.13 A study on

amorphous SiGe suggests that the reduction of thermal con-

ductivity may be attributed to a wide spread in the mean free

path of phonons dominating the thermal transport, related to

enhanced phonon-phonon scattering.14

However, the underlying phonon transport and scatter-

ing mechanism are still unclear. In this paper, we present

molecular dynamics (MD) simulations aimed at characteriz-

ing the relative role of two types of atomic disorders in heat

transport, namely, compositional disorder and structural

disorder in semiconductor alloys. The compositional disor-

der arises from the non-regular placement of two or more

atomic species on a crystalline lattice, while in the case of

most severe structural disorder, the lattice is not present at

all and the structure is amorphous. Previous extensive work

on this topic15–17 was done for alloys where interatomic

interactions were described by a pair Lennard–Jones (LJ)

potential, typically used to model metallic alloys (we will

refer to them as LJ alloys). The alloys modeled by LJ poten-

tial are characterized by relatively large anharmonicity and

relatively dense-packed structures, while the model semicon-

ductor SiGe alloys presented in this work are much more

harmonic, and represent low-coordination, open network

structures. As we will show, this leads to a significant role of

low-frequency phonons in thermal transport and strong tem-

perature effects exhibited not only by ordered structures, but

also by disordered SiGe alloys.

The sample preparation and simulation details are

described in Sec. II. The results and discussion on the ther-

mal conductivity, phonon lifetime analysis, local property

analysis, and temperature dependence are presented in Sec.

III, followed by the conclusions in Sec. IV.

II. SIMULATION METHODOLOGY

A. Model structures

To expose the relative role of each type of disorder in

semiconductor alloys, we study the thermal conductivities,

phonon lifetimes, local densities, and local elastic constants

of different model SiGe 50–50 alloy structures (see Fig. 1).

The first structure is the reference ordered structure (o-

SiGe), which has a CuAu-I-type crystal structure and has

been observed experimentally by Tischler et al.18 The
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disordered structure (d-SiGe) is a random 50–50 alloy, where

Si and Ge atoms are placed randomly on the diamond cubic

crystal structure. The a-SiGe alloy was prepared by melting

the d-SiGe structure at 3500 K and continuously quenching

to 300 K with a quench rate of 1� 1012 K/s at zero external

pressure.19 Using a similar protocol, we prepared pure amor-

phous silicon (a-Si) and pure amorphous germanium (a-Ge)

structures for reference.

All structures were confined to cubic simulation cells

and their dimensions vary from 4 to 30 cubic unit cells of the

original crystal structure, resulting in 512 to 216 000 atoms

in total.

B. Force field and thermal conductivity determination

In all simulations, the interaction between Si and Ge

atoms is described by the Tersoff empirical potential.20 This

potential is fitted to the pure Si and Ge lattice constants of

5.431 Å and 5.658 Å, respectively.21 Skye and Schelling12

have demonstrated that the lattice constant of SixGe1-x alloys

closely follows Vegard’s law (arithmetic mean of constituent

values). Thus, we set the initial lattice constant of the SiGe

alloy as 5.545 Å, and relax all alloy structures at a constant

temperature of 300 K and zero external pressure for 50 ps.

Such equilibrated structures were evolved at constant

energy and volume (NVE) from 4 ns to 10 ns depending on

the structure type and size, during which we monitored the

fluctuating heat current, J(t). We then calculated the thermal

conductivity from the integral of heat current autocorrelation

function, using the Green–Kubo relation based on the

fluctuation-dissipation theorem22

j smð Þ ¼
1

VkBT2

ðsm

0

J sð Þ � J 0ð Þ
� �

ds; (1)

where V is the system volume, kB is the Boltzmann constant,

T is the system temperature, and the angular brackets denote

an average over simulation time. In each case, we executed 5

independent simulation runs for the perfectly ordered struc-

ture for each size, and 3 to 5 runs for independent configura-

tions for amorphous and disordered structures for each size

to assess the statistical error. To obtain a reliably well-

converged value of j, relatively long integration times (up to

200 ps) were required. We use the Fast Fourier Transform

(FFT) method23 to compute the autocorrelation function effi-

ciently. All our MD simulations were performed using the

LAMMPS package24 with a time step of 0.5 fs.

C. Phonon lifetime determination

To gain a deeper understanding of the thermal transport

in various structures described above, we carried out dynam-

ical structure factor calculations within the framework of

equilibrium MD (EMD)25,26 that allow us to determine the

lifetime of individual phonons. The longitudinal and trans-

verse structure factors, SL(k, x) and ST(k, x), respectively,

for a given wave vector k are given as

Sa k;xð Þ ¼ k2

2px2N

ð
ja k; tð Þ � ja �k; 0ð Þ
� �

exp ixtð Þdt; (2)

where a is L or T and N is the number of atoms in the simu-

lation cell and

jL k; tð Þ ¼
X

vi tð Þ � k̂
� �

k̂exp ik � ri tð Þð Þ; (3)

jT k; tð Þ ¼
X

vi tð Þ � vi tð Þ � k̂
� �

k̂
� �

exp ik � ri tð Þð Þ; (4)

where k̂ ¼ k= kjj , vi, and ri refer to the velocity and equilib-

rium position of the ith atom, and the summation over all the

atoms in the simulation cell.

The structure factor peak can be fitted by the Lorentz

function as

Sa k;xð Þ ¼ C0 kð Þ
Xa kð Þ � x½ �2 þ C2

a kð Þ
; (5)

where we have introduced the mode frequencies Xa kð Þ and

half-linewidths Ca kð Þ. Here C0 kð Þ is a mode related con-

stant. Phonon lifetime can be evaluated from the fitted half-

linewidth Ca kð Þ as

s xð Þ ¼ 1

2Ca xð Þ : (6)

III. RESULTS AND DISCUSSION

A. Thermal conductivity

To address possible size effects, we determined thermal

conductivity as a function of the simulation cell size. The

results are shown in Fig. 2 where we plot the inverse of ther-

mal conductivities, 1/j, as a function of inverse of the side

length of the simulation cells, 1/L.

In the case of o-SiGe (Fig. 2, top panel), we observe

some system-size dependence that may be systematic, but

FIG. 1. Model structures: (a) o-SiGe, (b) d-SiGe, (c) a-Si, and (d) a-SiGe.

The a-Ge structure is not shown as it is essentially topologically identical to

a-Si structure. The red atoms are Si and the blue atoms are Ge.
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can also be attributed to the statistical fluctuations, which is

consistent with the results obtained for crystalline sili-

con.27,28 From Fig. 2, we estimate the bulk thermal conduc-

tivity of o-SiGe to be 80 W/mK. For reference, we note that

the bulk thermal conductivity of crystalline silicon and ger-

manium determined by equilibrium MD (EMD) calculation

and using the same potential was reported to be 197 W/mK

and 70 W/mK, respectively.9

In the case of d-SiGe (Fig. 2, middle panel), there is a

strong and systematic system-size dependence of thermal

conductivity, with larger structures characterized by larger

thermal conductivity. Since with increasing size phonons

with larger wavelength and lower frequency are introduced,

this result indicates that low frequency phonons have a rela-

tively larger contribution to thermal conductivity than in the

case of o-SiGe. By extrapolating to the infinite size, we esti-

mate the d-SiGe conductivity to be 8.6 W/mK, which is in

good agreement with prior work using the same potential

and methodology9 as well as with experimental results.10,11

We note that in the case of LJ alloys, the size dependence is

essentially non-existent;16 this can be attributed to large

anharmonicity which drastically reduces the lifetime of the

low frequency phonons, and thus their contribution to overall

thermal conductivity.

The thermal conductivity value of 8.6 W/mK for d-SiGe

is about eight times larger than the one obtained from

non-equilibrium MD (NEMD) simulations12 using the

Stillinger–Weber potential and three times larger than that

obtained from the approach-to-equilibrium MD (AEMD)

simulations14 using the same Tersoff potential. We attribute

these lower thermal conductivity predictions obtained by

NEMD difficulties with proper assessment on the strong sys-

tem size effects exhibited by NEMD and AEMD simula-

tions, which are particularly pronounced for SiGe alloys.

The large reduction in conductivity by random alloying

is a direct consequence of the enhanced phonon scattering

from compositional disorder. Such scattering is particularly

effective for short and medium wavelength phonons (see our

phonon lifetime analysis below), while it is less effective for

the long-wavelength phonons. This perhaps explains why the

size effects are much more pronounced for d-SiGe than for

o-SiGe.

For amorphous structures (Fig. 2, bottom panel), there is

also a clear system-size dependence, however, not that

strong as in the case of d-SiGe. Furthermore, conductivities

are significantly lower than those characterizing the disor-

dered structure. The thermal conductivities of a-Si and a-Ge

are estimated to be 2.9 W/mK and 1.8 W/mK, respectively.

In particular, the bulk thermal conductivity of a-SiGe is esti-

mated to be 1.6 W/mK, which is about 5 times lower than

the d-SiGe value. Similar as in the case d-SiGe, our EMD

result predicts a-SiGe thermal conductivity twice larger as

that obtained by AEMD simulations14 using the same

potential.

The much lower thermal conductivities of a-Si and a-Ge

compared to d-SiGe implies that the pure structural disorder

present in single component amorphous semiconductor

structures scatters phonons more effectively than the pure

compositional disorder, an effect also observed in LJ

alloys.16,17 Furthermore, the thermal conductivity of a-SiGe

is within the range bound by thermal conductivities of pure

a-Si and pure a-Ge, indicating that the heat transport in a-Si

and a-Ge is already limited by the structural disorder, and

the introduction of the compositional disorder does not

reduce it any further. Finally, we notice that the conductivi-

ties of amorphous structures converge for large system sizes

faster than in the case of disordered alloys, consistent with

more effective low frequency phonon scattering.

B. Phonon lifetime analysis

To identify more directly the reason for the system-size

dependence, we evaluated the phonon lifetimes for three

SiGe alloy structures using the method described in Sec.

II C. A sample fit for k ¼ 1
30
� 2p

a 100½ � is shown in Fig. 3.

Such computed phonon lifetimes are plotted in Fig. 4

for o-SiGe, d-SiGe, and a-SiGe structures containing 216

000 atoms each. At high frequency (� > 1.5 THz), the life-

time of both longitudinal and transverse modes for d-SiGe

and a-SiGe scale as x�4, suggesting a Rayleigh scattering

mechanism arising from the atomic-level compositional or

structural disorder.29 The predicted lifetimes for a-SiGe in

this region are similar to those observed by He et al.30 for a-

Si using the same Tersoff potential. At a low frequency

(� < 1.5 THz), the lifetimes of longitudinal and transverse

FIG. 2. The inverse of thermal conductivity as a function of the inverse of

sample size for o-SiGe, d-SiGe, a-SiGe, a-Ge, and a-Si. There is a clear

system-size dependence for d-SiGe and amorphous structures. The thermal

conductivities of amorphous structures are much lower than that of d-SiGe,

implying stronger scattering from structural disorder than compositional

disorder.
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modes for d-SiGe and a-SiGe show an approximate x�2 and

x�1 dependence, respectively, which suggests an Umklapp

phonon-phonon scattering mechanism.31 A previous study of

Lennard–Jones alloy with the same mass disorder as d-SiGe

exhibited a similar trend for phonon lifetimes;32 however,

Refs. 16 and 17 indicate that the phonon lifetimes scale as

x�4 at intermediate frequencies and x�2 at higher frequen-

cies in LJ alloys.

We note that the relatively long phonon lifetimes (�1 ns)

and the long wavelength comparable to the system size at low

frequency make the associated error in lifetime determination

rather large and this is perhaps responsible for a relatively

large scatter in the data in the low frequency range.

For d-SiGe, the lifetimes of the low-frequency modes are

quite high, of the order of 100 ps. Consequently, a large frac-

tion of thermal conductivity is expected to originate from low

frequency modes. Similar observations were reported for d-

SiGe by Garg et al.4 using a first principles-based approach,

demonstrating that 65% of the heat in d-SiGe is conducted by

phonons of frequency less than 1 THz at 300 K. By contrast to

disordered structures, for ordered structures (such as o-SiGe),

high-frequency modes have much larger lifetimes, and thus

contribute much more to the overall much larger thermal con-

ductivity, rendering size effects associated with low-

frequency phonon contributions much less pronounced (see

Fig. 2). Also, this size dependence observed in simulations is

consistent with the frequency dependence of thermal conduc-

tivity of d-SiGe and a-Si observed in experiments.10,33

We also note that the overall phonon lifetimes for a-SiGe

are significantly shorter than those for d-SiGe, with the most

pronounced difference in the low frequency range. This sug-

gests that the structural disorder results in stronger phonon-

phonon scattering, causing a further reduction of thermal con-

ductivity compared to a purely compositional disorder, and

explaining the fact that size dependence for amorphous struc-

tures is less pronounced than that which characterizes disor-

dered crystalline alloys. The same behavior was observed for

LJ alloys16,17 underlying the generality of this observation.

Furthermore, Fig. 4 shows that the difference in lifetimes

between amorphous and disordered alloys is much more pro-

nounced for transverse modes than longitudinal modes. We

will discuss this issue later in the article in the context of elas-

tic heterogeneities and temperature dependence.

C. Local property analysis

To shed further light on the relative role of compositional

and structural disorder, we analyzed distributions of local den-

sity and local elastic constant. The spatial mass fluctuation is

firmly related to the wave scattering in the disordered materi-

als, as measured experimentally by small-angle X-ray scatter-

ing.34 To determine the distributions, we divided the original

simulation cell of side length L ¼ 30a into smaller cubic

domains with a linear size D ¼ Na ð1 � N � 4Þ. In the calcu-

lation of local properties, we associated each atom with an

atomic volume cube and in cases where the atom was near the

edge of the domain, its contribution to local properties was

partially assigned to the adjacent domains weighted by the

volume of the cube overlapping with a given domain.

The probability distribution of local mass densities for

D ¼ a case (average of 8 atoms per domain) is shown in Fig.

5(a). d-SiGe and a-SiGe have very similar distributions indi-

cating that the mass fluctuation cannot explain differences in

the thermal conductivities in the two structures.

Next, we examined distributions of local elastic proper-

ties, as they affect the thermal properties of disordered materi-

als.35 The local elastic constant (shear modulus in this case)

was determined by a simple shear deformation. The atomic

level stress was obtained by the virial formula and subtraction

of the atomic-level stress in the undeformed state from the

deformed state. In one deformation type we did not allow the

structure to relax, thus imposing a homogeneous strain, result-

ing in an “unrelaxed” shear modulus. The “relaxed” shear

FIG. 3. The dynamical structure factor data were fitted by the Lorentz func-

tion to obtain resonance frequency and half-linewidth.

FIG. 4. Phonon lifetimes obtained

from structure factor calculations for

o-SiGe, d-SiGe, and a-SiGe. At high

frequency, both longitudinal and trans-

verse modes for d-SiGe and a-SiGe

show a x�4 scaling. At low frequency,

there is a x�2 scaling for longitudinal

modes and a x�1 scaling for transverse

modes.
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modulus was evaluated from atomic stresses after relaxation.

In this case, the local strain was not homogeneous, and evalu-

ated by the procedure described in Ref. 36.

The local unrelaxed shear modulus distributions calcu-

lated for domains with D ¼ a are shown in Fig. 5(b). a-SiGe

has a 4 times broader distribution of the local unrelaxed

shear modulus than d-SiGe. After the relaxation [see Fig.

5(c)], the distributions of the local shear modulus, G, become

broader, while contrast between two structures is still signifi-

cant. Evaluation of the local mass and modulus fluctuations

for larger domain sizes results in narrowing the distributions,

but the ratios of the distribution widths remain largely

unchanged. This analysis indicates that elastic heterogeneity

associated with an amorphous structure is a key factor

responsible for strong scattering of low frequency phonons.

We also analyzed the fluctuations of C11 elastic constant

(not shown) and observed similar behavior as in the case of

shear modulus, G. However, the width of the normalized

fluctuations (DG/G and DC11/C11) is about twice larger in

the case of shear modulus. Since shear modulus relates to

transverse modes and C11 relates to longitudinal modes, one

can speculate that more significant differences between dis-

ordered and amorphous structures for transverse mode life-

times (see Fig. 4) are associated with large local shear

modulus fluctuations.

D. Temperature dependence

Finally, we investigated the temperature dependence of

conductivity, that is expected to be significant, even for dis-

ordered SiGe alloys, since low frequency phonons and asso-

ciated Umklapp scattering play important roles in thermal

conductivity of these highly harmonic materials. We calcu-

lated the thermal conductivities using the same procedure as

described in Sec. II B at temperatures: 100 K, 300 K, 500 K,

and 1000 K.

The inverse thermal conductivity as a function of the

inverse of the system size is shown in Fig. 6. The ordered

structure (o-SiGe), as observed before, exhibits minor system

size effects at all temperatures studied. By contrast, signifi-

cant system size effects in d-SiGe are observed at all temper-

atures. In the case of a-SiGe, the system size dependence

gradually declines when the temperature increases, sugges-

ting that the contribution of the low-frequency phonons to

the thermal conductivity is depressed at a high temperature.

The extrapolated bulk thermal conductivities as a func-

tion of temperature are shown in Fig. 7. As temperature

FIG. 5. Probability distribution function of (a) local mass densities q, (b)

local unrelaxed shear modulus G, and (c) local relaxed shear modulus G of

d-SiGe and a-SiGe for domains size D ¼ a. FIG. 6. The inverse of thermal conductivity as a function of the inverse of

sample size for o-SiGe, d-SiGe, and a-SiGe at different temperatures: 100 K

(blue squares), 300 K (black circles), 500 K (red upper triangles), and

1000 K (magenta inverted triangles). There is a minor system size depen-

dence in o-SiGe and a strong size dependence in d-SiGe at all temperatures,

while the size effect diminishes as the temperature increases in a-SiGe.

FIG. 7. The thermal conductivity decreases as the temperatures increases for

o-SiGe, d-SiGe, and a-SiGe.
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increases, the thermal conductivity generally decreases for

all three SiGe alloy models. In the case of d-SiGe, it appears

that conductivity increases between 100 K and 300 K.

However, considering the statistical errors (see Fig. 7), we

are not confident that this observation is significant. The

most pronounced decrease is observed for o-SiGe which is

characteristic of the Umklapp phonon-phonon scattering

mechanisms across the whole phonon spectrum, which leads

to the trend of j / 1
T.37 In the case of the disordered struc-

tures, the decrease is less pronounced, since structural pho-

non scattering is dominant here. Nevertheless, the

conductivity decrease with increasing temperature is still

clear, particularly for the amorphous structure, indicating

that phonon-phonon scattering plays a significant role for

disordered SiGe structures.

To gain further understanding into this temperature

dependence, we calculated the phonon lifetimes for o-SiGe, d-

SiGe, and a-SiGe at 1000 K, and compared them with those at

300 K. In the case of o-SiGe, the phonon lifetimes of both lon-

gitudinal and transverse modes decrease significantly and uni-

formly across the whole frequency range at high temperature

(see Fig. 8), which is characteristic of all phonons exhibiting

the phonon-phonon scattering mechanism. By contrast, essen-

tially all phonon lifetimes for d-SiGe are weakly affected by

temperature, leading to rather weak thermal conductivity

dependence on temperature (see Fig. 7).

The case of a-SiGe is perhaps the most interesting.

According to Fig. 8 the lifetimes of longitudinal modes are

not significantly affected by temperature, but the lifetimes of

transverse modes decrease at high temperature especially at

the low frequency regime. This suggests that effective anhar-

monicity exhibited by transverse modes is more pronounced

than for longitudinal modes. The reason for the different

responses of longitudinal and transverse modes in a-SiGe is

quite unclear to us, and needs more work in the future.

IV. CONCLUSIONS

In summary, we investigated thermal conductivity and

phonon lifetimes in relation to structural characteristics such

as local densities and local elastic constants and to tempera-

ture in several SiGe alloy structures by means of EMD simu-

lations. Our studies demonstrated that in the case of

disordered and amorphous semiconducting alloys in the high

frequency range, the phonons exhibit Rayleigh scattering

caused by compositional and/or structural disorder, respec-

tively. Below�1.5 THz, the Umklapp phonon-phonon scatter-

ing mechanism dominates. We also observed that structural

scattering is significantly stronger than compositional scatter-

ing, resulting in a-SiGe thermal conductivity being about 5

times lower than that of d-SiGe, but within the range bound

by thermal conductivities of pure a-Si and pure a-Ge. This

observation indicates that alloying by itself is unlikely to be a

fruitful strategy to reduce the thermal conductivity of amor-

phous materials. Furthermore, we revealed that the stronger

scattering in a-SiGe is attributed to the higher level of elastic

heterogeneity caused by structural disorder. The temperature

dependence of thermal conductivity indicated the importance

of the Umklapp phonon-phonon scattering in thermal conduc-

tivity of SiGe alloys. Comparison between phonon lifetimes

for disordered and amorphous alloys and temperature effect

studies demonstrated a marked difference in response to trans-

verse and longitudinal modes of disorder and temperature.

Our results also emphasize the importance of proper

account of the size effects in thermal conductivity determina-

tion, even when using equilibrium molecular dynamics and

periodic boundary conditions. Contrary to the intuition based

on the low thermal conductivity values, the size effects can

be particularly significant in this case of some disordered

materials,31 that are characterized by a low degree of

anharmonicity.
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